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Connection

• Finite Field constructions: designs, blocking sets, translation planes...

• MRD Codes: Random network coding

[1] D. Silva, F. R. Kschischang and R. Kötter, A rank-metric approach to
error control in random network coding, IEEE Trans. Inform. Theory,
Volume 54, 2008
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Introduction



Setting

• q is a prime power, n, m, k are positive integers

• Fq, Fqn

• Fqn [X ],Fqn [X1, . . . , Xm]
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Fq-subsspaces

Definition
U ⊂ Fk

qn is said to be an Fq-subspace if:
• u1 + u2 ∈ U for every u1, u2 ∈ U
• λu1 ∈ U for every u1 ∈ U , λ ∈ Fq.
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q-linearized polynomials

Definition
f ∈ Fqn [X ] is said to be q-linearized if:

• f (x + y) = f (x) + f (y) for every x , y ∈ Fqn (f is additive)
• f (λx) = λf (x) for every x ∈ Fqn , λ ∈ Fq.
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q-linearized polynomials

Ln,q[X ] :=
{

ℓ∑
i=0

aiX qi : ai ∈ Fqn , ℓ ∈ N+
}
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q-linearized polynomials

Ln,q[X ] := Ln,q[X ]/(X qn − X ) = {
n−1∑
i=0

aiX qi : ai ∈ Fqn}
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q-linearized polynomials

Ln,q[X1, . . . , Xm] := Ln,q[X1] ⊕ · · · ⊕ Ln,q[Xm]
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h-scattered Fq-subspaces

Definition
Let h, t ∈ N, such that h < k and h ≤ t . An Fq-subspace U ⊆ Fk

qn is said to
be (h, t)-evasive if for every h-dimensional Fqn-subspace H ⊆ Fk

qn , it holds
dimFq(U ∩ H) ≤ t . When h = t , an (h, h)-evasive subspace is called
h-scattered.
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Maximum h-scattered Fq-subspaces

Theorem (Csajbók, Marino, Polverino, Zullo, 2021)
If U is an h-scattered subspace in Fk

qn that does not define a subgeometry,
then

dimFq(U) ≤ nk
h + 1 .
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Scattered polynomials and sequences



Construction of scattered subspaces

Let f ∈ Ln,q[X ], we can consider

Uf := {(x , f (x)) : x ∈ Fqn} .
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Construction of h-scattered subspaces

Let F = (f1, . . . , fs), with f1, . . . , fs ∈ Ln,q[X1, . . . , Xm]

UF = {(x1, . . . , xm, f1(x), . . . , fs(x)) : x1, . . . , xm ∈ Fqn}

where x = (x1, . . . , xm).
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Construction of h-scattered subspaces

• F scattered −→ nm =dimFq(UF) ?= n(m+s)
2 −→ s = m

• F h-scattered −→ nm =dimFq(UF) ?= n(m+s)
h+1 −→ s = hm
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Indecomposability

F ?≃ (G1, G2)

where G1 = (g (1)
1 , . . . , g (1)

s1 ), G2 = (g (2)
1 , . . . , g (2)

s2 ) and F = (f1, . . . , fs1+s2), with
g (1)

i , g (2)
i , fi ∈ Ln,q[X1, . . . , Xm].
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h = 1

• m = 1: Scattered Polynomials, {(x , f (x)) : x ∈ Fqn}

• m = 2:
{(

x , y , xqI + αyqJ
, xqJ + βyqI + γyqJ

)
: x , y ∈ Fqn

}
[2] D. Bartoli and G. Marino and A. Neri and L. Vicino, Exceptional scattered sequences, (2024)
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Main result



Setting
Let m > 2, J , I ∈ N, J > I , A = (α1, . . . , αm) with α1, . . . , αm ∈ Fqn .

f1(x1, . . . , xm) := x1
qI + α2x2

qJ

f2(x1, . . . , xm) := x2
qI + α3x3

qJ

...
fm−1(x1, . . . , xm) := xm−1

qI + αmxm
qJ

fm(x1, . . . , xm) := xm
qI + α1x1

qJ
.

Let FA := (f1, . . . , fm).
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Setting

U I,J
A := UFA = {(x1, . . . , xm, f1(x), f2(x), . . . , fm−1(x), fm(x)) : x ∈ (Fqn)m},
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Setting

• K := J − I

• K I,J
A :=α3·αqK

4 ·αq2K
5 ...αq(m−3)K

m ·αq(m−2)K
1

α1+qK+···+q(m−2)K
2

• CK,m :=qmK−1
qK−1
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Properties of U I ,J
A

Theorem (Bartoli, A.G., Marino, 202x)
If (I , J) = 1, then U I,J

A is maximum scattered for any A ∈ Ω,

where

Ω := {A = (α1, . . . , αm) : K I,J
A is not a CK,m-power in Fqn}.

Scattered sequences | Alessandro Giannoni
Page 18



Properties of U I ,J
A

Remark
Ca,b :=qab−1

qa−1

Proposition
Let B ∈ N such that (q, B) = 1, then there exist infinitely many ℓk ∈ N such
that (B, Cn,ℓk ) = 1.

Observation
Let (ℓk)k>0 be the numerical sequence obtained by the previous
proposition then given x ∈ Fqn such that is not a B-power in Fqn then x is
not a B-power in Fqnℓk for every k > 0.
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Properties of U I ,J
A

K I,J
A is not a CK,m-power in Fqn

↓
K I,J

A is not a CK,m-power in Fqnℓk for every k > 0

↓ (Using the first Theorem)
FA is scattered in Fqnℓk for every k > 0

↓
FA is exceptional scattered
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Properties of U I ,J
A

Lemma (Bartoli, Marino, Neri, Vicino)
Let F := (f1, . . . , fs) be an exceptional h-scattered sequence of order m. If
UF is (t, tn/(h + 1) − 1)-evasive for any t ∈ [h + 1, ⌊(m + s)/2⌋] with
(h + 1) | tn, then F is indecomposable.
[2] D. Bartoli and G. Marino and A. Neri and L. Vicino, Exceptional scattered sequences, (2024)
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Properties of U I ,J
A

Lemma
Let F := (f1, . . . , fm) be an exceptional scattered sequence of order m. If UF
is (t, tn

2 − 1)-evasive for any t ∈ [2, m] with tn even, then F is
indecomposable.
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Properties of U I ,J
A

Theorem (Bartoli, A.G., Marino, 202x)
If n ≥ 2(mJ + J + 1) then U I,J

A is (t, tn
2 − 1)-evasive for any odd t ∈ [2, . . . , m]

and A ∈ Ω.
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Properties of U I ,J
A

Πi = αq(m−1)K

i · αq(m−2)K

i−1 · · · αqK

i+2 · αi+1 with i = 1, . . . , m

Ω′ :=
{

A ∈ Ω | Πδ+2

Π2
is not a (qmK − 1)-power in Fqn , ∀ δ = 1, . . . , m − 1

}
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Properties of U I ,J
A

Theorem (Bartoli, A.G., Marino, 202x)
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Properties of U I ,J
A

Theorem (Bartoli, A.G., Marino, 202x)
If n ≥ 2(mJ + J + 1) then U I,J

A is indecomposable for any A ∈ Ω′.
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Generalization with h-scattered sequences



Case h>1
Let h > 1, A = (α1, . . . , αm) ∈ Fm

qn

f1,h(x1, . . . , xm) := x1
qh + α2x2

qh+1

f2,h(x1, . . . , xm) := x2
qh + α3x3

qh+1

...
fm−1,h(x1, . . . , xm) := xm−1

qh + αmxm
qh+1

fm,h(x1, . . . , xm) := xm
qh + α1x1

qh+1
.

Let FA,h := (f1,h, . . . , fm,h).
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Generalization

VA,h := {(x , xq, xq2
, . . . , xqh−1

, FA,h(x)) : x ∈ (Fqn)m} ⊂ F(h+1)m
qn

where xqj = (xqj

1 , . . . , xqj
m ).
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Generalization
Twisted Gabidulin

{(x , xq, xq2
, . . . , xqh−1

, f (x)) | x ∈ Fqn} ⊂ Fh+1
qnxy

Vectorial Twisted Gabidulin

VA,h = {(x , xq, xq2
, . . . , xqh−1

, FA,h(x)) : x ∈ (Fqn)m} ⊂ F(h+1)m
qn
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Generalization

VA,h = {(x , GA,h(x)) : x ∈ (Fqn)m} ⊂ F(h+1)m
qn

where GA,h = (X q, X q2
, . . . , X qh−1

, FA,h)
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Properties of VA,h

Theorem (Bartoli, A.G., Marino, 202x)
VA,h is maximum h-scattered for every A ∈ Ω, h > 1.
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Known subspaces

What are the known maximum h-scattered subspaces in F(h+1)m
qn ?

G =
m⊕

i=1
Gi

where Gi is maximum h-scattered in Fh+1
qn for every i = 1, . . . , m.

Scattered sequences | Alessandro Giannoni
Page 32



Known subspaces

What are the known maximum h-scattered subspaces in F(h+1)m
qn ?

G =
m⊕

i=1
Gi

where Gi is maximum h-scattered in Fh+1
qn for every i = 1, . . . , m.

Scattered sequences | Alessandro Giannoni
Page 32



Comparison

j-th generalized weight in Fk
qn

dj(U) = dimFq(U) − max{dimFq(H ∩ U) : H ⊆ Fk
qn with dimFqn (H) = k − j}
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Comparison

• d(m−1)(h+1)(VA,h) ≥ mn − h − 2 for every A ∈ Ω

ds(h+1)(VA,h) ≥ (s + 1)(n − h − 1) for every s = 1, . . . , m − 2, A ∈ Ω′

• ds(h+1)(G) ≤ sn for every s = 1, . . . , m − 1
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Comparison

Theorem (Bartoli, A.G., Marino, 202x)
The following hold.

• If n > (s + 1)(h + 1), then for any s = 1, . . . , m − 2 and for any A ∈ Ω′

ds(h+1)(VA,h) > ds(h+1)(G).

• If n > h + 2, then for any A ∈ Ω

d(m−1)(h+1)(VA,h) > d(m−1)(h+1)(G).
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Comparison

Remark
GA,h = (X q, X q2

, . . . , X qh−1
, FA,h)

Proposition
If A ∈ Ω′ than there exist infinite positive integers {ℓk}k∈N such that GA,h is
h-scattered in Fqnℓk .
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Future perspective



Future Perspectives

• Complete the study of the generalized weights

• Study this construction with different F :

{(x , xq, xq2
, . . . , xqh−1

, F(x)) : x ∈ (Fqn)m}
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