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¢ Finite Field constructions: designs, blocking sets, translation planes...
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Connection

¢ Finite Field constructions: designs, blocking sets, translation planes...

* MRD Codes: Random network coding

[1] D. Silva, F. R. Kschischang and R. Kétter, A rank-metric approach to
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Introduction



Setting

® g is a prime power, n, m, k are positive integers
i Fq, Fqn

o Fon[X],Fon[ X1, ...\ Xm]
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[F ;-subsspaces

Definition

U C F¥, is said to be an FF,-subspace if:
® 1y +uy € Uforevery ug,u, € U
* Auy € Uforevery u; € U, N € Fy,.
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g-linearized polynomials

Definition

f € F[X] is said to be g-linearized if:
o f(x+y)="f(x)+ f(y) for every x,y € Fgn (f is additive)
o f(Ax) = Af(x) for every x € Fn, A € F,.
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g-linearized polynomials

¢ .
Ln,q[X] = {Z a,-Xq' 1ap € Fqn,g S N+}
i=0
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g-linearized polynomials

LndlX] = LoglX]/(XT" = X) = {2 aX? :a €Fgp)
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g-linearized polynomials

LoglXi, .o Xm] = Lng[Xa] B -+ B Lnq[ X
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h-scattered IF-subspaces

Definition

Let h,t € N, such that h < k and h < t. An F,-subspace U C IF’C; is said to
be (h, t)-evasive if for every h-dimensional F,.-subspace H C F%,, it holds
dimg (U N H) < t. When h = t, an (h, h)-evasive subspace is called
h-scattered.

Scattered sequences | Alessandro Giannoni
Page 8



Maximum h-scattered IF -subspaces

Theorem (Csajbdk, Marino, Polverino, Zullo, 2021)

If U is an h-scattered subspace in F¥, that does not define a subgeometry,

then
nk

diqu(U) S h—|— 1

Scattered sequences | Alessandro Giannoni
Page 9



Scattered polynomials and sequences



Construction of scattered subspaces

Let f € £, 4[X], we can consider

Ur i={(x,f(x)) : x € Fgn}.
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Construction of h-scattered subspaces

Letf:(fbafs)vWIth f]-7“"f5 E‘C”vq[Xl""’Xm]
Ur = {510 s ). ) < 30030 € B

where x = (x1, ..., Xm)-
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Construction of h-scattered subspaces

: ?
o F scattered — nm =dimg (Ur) = ﬂm2_+52 —s=m

Scattered sequences | Alessandro Giannoni
Page 12



Construction of h-scattered subspaces

o F scattered — nm =dimg,_(Ur) =8 w —s=m
e F h-scattered — nm =dimg_(Ur) - ”(f’j’fls) — s = hm
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Indecomposability

Fi (G1,G2)

where G = (g{”,....gM), Go = (&, ...,g®)and F = (f, ..., fu1s), With

S1

gi(l)agi(2)7 ﬁ S 'Cn,q[Xla s >Xm]-
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e m = 1: Scattered Polynomials, {(x, f(x)) : x € Fgn}
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e m = 1: Scattered Polynomials, {(x, f(x)) : x € Fgn}

* m=2: {(x,y,xq’+ayqj,qu—|—Byql—|—7yqj) : x,yEIFqn}

[2] D. Bartoli and G. Marino and A. Neri and L. Vicino, Exceptional scattered sequences, (2024)
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Main result



Setting

Letm>2J1eN,J>1A=(o,...,an)Withay,...,an € Fg.
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L, am € Fqn.

Setting
, ) With ay, ..
J

Letm>2 J 1eNJ>1A=(q,...
= qul + axf?

(X1, .oy Xm) 1=
) J
= x7 4+ azxz?

! J
= melq + Oémeq

] J
=X, 4+ a1 9.
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L, am € Fqn.

Setting
, ) With ay, ..
J

Letm>2 J 1eNJ>1A=(q,...
= qul + axf?

(X1, .oy Xm) 1=
! J
= x7 4+ azxz?

! J
= melq + Oémeq

] J
=X, 4+ a1 9.

Let Fa = (fi, ..., fn).
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Setting

UI{\J = U]:A = {(X1= s Xmy fl(l)v 6(5)7 SRR fm—1(5)7 fm(l)) SX € (Fq”)m}v
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Setting

e K:i=J—1

K 2K (m=3)K o(m—2)K
¥ q g
o K Q304 Qg an LoF)
A T L aK+tq(m=2)K
2

mK
_gm=1
* CK,m =K1
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Properties of U,/\’J

Theorem (Bartoli, A.G., Marino, 202x)
If (1,J) = 1, then Uy’ is maximum scattered for any A € Q,

where

Q:={A=(1,...,an): Ky’ isnota Cx n-power in F.}.
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Properties of U,/\’J

Remark

ab_l
Ca,b ::z]a_]_

Proposition
Let B € N such that (g, B) = 1, then there exist infinitely many ¢, € N such
that (B, Cn,ﬁk) =1
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Properties of U,/\’J

Remark

ab_l
Ca,b ::(Z]a_]_

Proposition
Let B € N such that (g, B) = 1, then there exist infinitely many ¢, € N such
that (B, Cn,Zk) =1

Observation

Let (¢4)«~0 be the numerical sequence obtained by the previous
proposition then given x € F .. such that is not a B-power in F,. then x is
not a B-power in ¥ ., for every k > 0.
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Properties of Uy’

Ky is not a Ck ,-power in F»
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Properties of U,/\’J

Ky is not a Ck ,-power in F»

!

Kx” is not a Ck n-power in F ., for every k > 0
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Properties of U,/\’J

Ky is not a Ck ,-power in F»

!

Kx” is not a Ck n-power in F ., for every k > 0
| (Using the first Theorem)
Fa is scattered in FF . for every k >0
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Properties of U,/\’J

Ky is not a Ck ,-power in F»

!

Kx” is not a Ck n-power in F ., for every k > 0
| (Using the first Theorem)
Fa is scattered in FF . for every k >0

!

Fa is exceptional scattered
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Properties of U,/\’J

Lemma (Bartoli, Marino, Neri, Vicino)

Let F :=(f1,...,f;) be an exceptional h-scattered sequence of order m. If
Ur is (t,tn/(h+ 1) — 1)-evasive forany t € [h+ 1, |(m+ s)/2]] with
(h+1) | tn, then F is indecomposable.

[2] D.Bartoli and G. Marino and A. Neri and L. Vicino, Exceptional scattered sequences, (2024)
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Properties of U,/\’J

Lemma
Let 7 := (f1,...,f,) be an exceptional scattered sequence of order m. If Ur

is (t, 5 — 1)-evasive for any t € [2, m] with tn even, then F is
indecomposable.
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Properties of U,/\’J

Theorem (Bartoli, A.G., Marino, 202x)
If n>2(mJ + J +1) then Uy’ is (t, 2 — 1)-evasive for any odd t € [2,..., m]
and A € Q.
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Properties of UA’J

( (m—2)K K . ;
M, =af cafly ol ai withi=1...m
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Properties of U,/\’J

(m—1)K q(m—Z)K

g g« ith i
M; = a; cofy craf, o withi=1....m

M
Q = {A € Q| |f|+2 is not a (g™ — 1)-power in Fgo, V6 =1,...,m— 1}
2

Scattered sequences | Alessandro Giannoni
Page 24



Properties of U,/\’J

Theorem (Bartoli, A.G., Marino, 202x)
If n>2(mJ + J + 1) then Uy’ is (t, ™ — 1)-evasive for any even
te[2,...,mland A € Q.
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Properties of U,/\’J

Theorem (Bartoli, A.G., Marino, 202x)
If n>2(mJ + J + 1) then Uy’ is indecomposable for any A € Q.
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Generalization with h-scattered sequences



Case h>1
Leth>1,A=(a,...,am) € Fy,
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Case h>1
Leth>1,A=(,...,an) € Fy,

h h+1
fn(Xt, .y Xm) = x17 + aox?

h h+1
fon(Xts .o Xm) = %7 + azxs?

h
fm—l,h(Xb s 7Xm) = Xm—lq + Oszmq

h h+1

fn(X1, oy Xm) = Xm? 4+ a1x¢9

Let Fan = (fih .- fmn)-

h+1
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Generalization

)
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Generalization

Twisted Gabidulin

h—1

{6 x9,x7, . xT 7 f(x)) | x € Fgo} C BRI

I

Vectorial Twisted Gabidulin

VA7h = {(57 qung, - ,gqhil,]‘—kh(é)) X € (Fqn)m} C Fgﬁ+1)m
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Generalization

Van = {(x, Gan(x)) : x € (Fgr)} C F@™"

h—1

Where gA7h = (Kq7éq27 s 7Kq 7~FA,/7)
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Properties of Va 5

Theorem (Bartoli, A.G., Marino, 202x)
Va.» is maximum h-scattered for every A € Q, h > 1.
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Known subspaces

(h+1)m7

What are the known maximum h-scattered subspaces in F.
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Known subspaces

What are the known maximum h-scattered subspaces in F',"™?

m
G=0G
i=1
where G; is maximum h-scattered in IE‘Z#l foreveryi=1,...,m.
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Comparison

j-th generalized weight in F%,

d(U) = dimg, (U) — max{dimg,(H N U) : H C F%, with dimg ,(H) = k — j}
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Comparison

® dim-1)(h+1)(Van) > mn—h—2 forevery A cQ
dshi1)(Van) > (s+1)(n—h—1) foreverys=1,....m—2 Ac(
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Comparison

® dim-1)(h+1)(Van) > mn—h—2 forevery A cQ
dshi1)(Van) > (s+1)(n—h—1) foreverys=1,....m—2 Ac(

* dyp1)(G) < snforeverys=1,....m—1
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Comparison

Theorem (Bartoli, A.G., Marino, 202x)
The following hold.
e Ifn>(s+1)(h+1), then for anys =1,....,m— 2 and for any A € Q

ds(nt1)(Va,n) > dsiri1)(G).
® /fn> h+ 2, then for any A € Q

d(m-1)(h+1)(Va,n) > dim-1)(h+1)(G).
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Comparison

Remark ) L
gA,h:(K(qu 7"'7Kq 7‘FA,h)

Proposition
If A € Q' than there exist infinite positive integers {{x}«en Such that Ga p is
h-scattered in T u,.
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Future perspective



Future Perspectives

e Complete the study of the generalized weights
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Future Perspectives

e Complete the study of the generalized weights

e Study this construction with different F:

h—1

{06x%,x7, . xT T F(x)) : x € (Fgn)™}
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