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Background New construction Asymptotic study

Linear codes

A linear code C Ă Fnq is a linear subspace.

We denote by rn, k, ds a code if

n is its length,

k is its dimension,

d is its minimum distance.

Theorem (Singleton Bound)

d ď n ´ k ` 1.

Such a code can be defined by the image of an injective map C : Fkq ÝÑ Fnq .
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Locally Recoverable Codes (LRCs)

Definition

Let C Ă Fnq be a Fq´linear code. The code C is locally recoverable with locality r if every symbol of a

codeword c “ pc1, . . . , cnq P C can be recovered using a subset of at most r other symbols. The

smallest such r is called the locality of the code.

pc1, ¨ ¨ ¨ , ci´1, ci , ci`1, . . . , cn´1, cnq

Theorem

Let C be a q´ary linear code with parameters rn, k, ds with locality r . The minimum distance d of C

verifies

d ď n ´ k ´

R

k

r

V

` 2. (Singleton Bound for LRCs)

The rate of such a code verifies
k

n
ď

r

r ` 1
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Ex : Reed-Solomon codes

A Reed-Solomon code RSpn, kq of length n and dimension k is defined by the image of an application

RSpn, kq :
Fq rxsăk ÝÑ Fnq
f ÞÝÑ pf pα1q, . . . , f pαnqq ,

where α1, . . . , αn are distinct elements of Fq .

The minimum distance of RSpn, kq veririfes

d “ n ´ k ` 1.

These codes have locality k and (also) reach the Singleton-type bound for LRCs.
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Some known constructions

Tamo-Barg (n ď q),

LRCs from algebraic surfaces

(n ď 4q),

Tamo-Barg-Vladuts (n ÞÑ 8),

Concatenated codes (n ÞÑ 8).

1

1Tamo, Barg and Vladut, Locally recoverable codes on algebraic curves, 2015
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Some known constructions

Tamo-Barg (n ď q),

LRCs from algebraic surfaces

(n ď 4q),

Tamo-Barg-Vladuts (n ÞÑ 8),

Concatenated codes (n ÞÑ 8).

2

2Cadambe and Mazumbar, Bounds on the Size of Locally Recoverable Codes, 2015
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Concatenated codes

Definition

Let

Cout be a q
k1

´ ary linear code of parameters rn, k, ds and

Cin be a q ´ ary linear code of parameters rn1, k 1, d 1
s

such that

Coutpmq “ pc1, , . . . , cnq,

where m P Fk
qk

1 and c1, . . . , cn P Fqk1 . Then the concatenated code Cconc of Cout and Cin is defined by

Cconcpmq “ pCinpc1q | ¨ ¨ ¨ | Cinpcnqq .

Proposition

The code Cconc is a rnn1, kk 1,ě dd 1
s linear code over Fq.

Moreover, the locality of a concatenated code is given by the one of the inner code.
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Concatenated LRCs

Let

Cout be a q
k1

´ ary linear code of parameters rn, k, ds,

Cin be a q ´ ary linear code of parameters rn1, k 1, d 1
s with locality r ,

Coutpmq “ pc1, . . . , cnq.

Cinpciq “ pci ,1, . . . , ci ,n1 q.

m

cn

cn,n1¨ ¨ ¨cn,2cn,1

¨ ¨ ¨c2

c2,n1¨ ¨ ¨c2,2c2,1

c1

c1,n1¨ ¨ ¨c1,2c1,1

The code Cconc is a rnn1, kk 1,ě dd 1
s q´ary linear code with locality r .
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A concatenated LRC using RS codes

Let

q ě 3,

Cout :“ RSp3, 2q be a q2 ´ ary linear code of parameters r3, 2, 2s,

Cin :“ RSp3, 2q be a q ´ ary linear code of parameters r3, 2, 2s,

a1, a2, a3 P Fq2 .

f P Fq2 rxsă2

f pa3q ÞÑ f3 P Fq rxsă2

f3p2qf3p1qf3p0q

f pa2q ÞÑ f2 P Fq rxsă2

f2p2qf2p1qf2p0q

f pa1q ÞÑ f1 P Fq rxsă2

f1p2qf1p1qf1p0q

The code Cconc is a r9, 4,ě 4s q´ary linear code with locality 2.
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An optimal example

Let P1pxq “ x2 ` 2x ` 2, P2pxq “ x2 ` 1, and P3pxq “ x2 ` x ` 2,

and the Reed-Solomon code RSp3, 2q :
F3rxsă2 ÝÑ F33
f ÞÝÑ pf p0q, f p1q, f p2qq .

f P F3rxsă5

f1 P
F3rxs

pP1pxqq

f1p0q f1p1q f1p2q

f2 P
F3rxs

pP2pxqq

f2p0q f2p1q f2p2q

f3 P
F3rxs

pP3pxqq

f3p0q f3p1q f3p2q

RSp3, 2q

This code is a r9, 5, 3s linear code with locality 2, reaching the Singleton Bound for LRC .
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Actually, some optimal examples

The latter example generalizes to any prime power q ě 3.

Proposition

Let q ě 3 be a prime power. One can similarly define a r
3
2

pq2 ´ qq, q2 ´ q ´ 1, 3sq linear code with

locality 2, reaching the Singleton bound.

Remark : the dimension is not a multiple of the locality.

12/26



Background New construction Asymptotic study

Are these concatenated codes ?

New example Concatenated LRC example

Polynomials of degree k over Fq Polynomials of degree k0 over Fqr

Evaluation modulo s degree r polynomials Evaluation at s elements of Fqr

Polynomials of degree r over Fq Polynomials of degree r over Fqr

Evaluation at r ` 1 elements of Fq Evaluation at r ` 1 elements of Fq

rspr ` 1q, ks linear code over Fq rspr ` 1q, k0r s linear code over Fq :

What are these codes ? Generalized AG-Codes !
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Algebraic-Geometric (AG) codes

Let F {Fq be a function field of genus g.
Let D and G be divisors of F , with D “ P1 ` ¨ ¨ ¨ ` Pn, where P1, . . . , Pn are distinct rational places

(points) of F .

Suppose that SupppGq
Ş

tP1, . . . , Pnu “ H.

An AG code CpD, Gq is defined by the image of an application

CpD, Gq :
LpGq ÝÑ Fnq
f ÞÝÑ pf pP1q, . . . , f pPnqq .

If 2g ´ 2 ă degG ă n, the code CpD, Gq has dimension

k “ degpGq ´ g ` 1

and minimum distance

d ě n ´ degpGq.
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Generalized AG codes (GAG)3

Let F {Fq be an algebraic function field defined over Fq of genus g, and
P1, . . . , Ps are s distinct places of F ,

G is a divisor of F such that SupppGq
Ş

tP1, . . . , Psu “ H,

and for 1 ď i ď s :

ki “ degpPiq the degree of Pi ,

Ci is a rni , ki , di sq linear code,

πi is a fixed Fq´linear isomorphism mapping Fqki to Ci .
Consider the application

α :
LpGq ÝÑ Fnq
f ÞÝÑ pπ1pf pP1qq, . . . , πspf pPsqqq .

.

Definition

The image of α is called a generalized algebraic-geometric code, denoted by

CpP1, . . . , Ps : G : C1, . . . , Csq.

3Xing, Niederreiter and Lam, A Generalization of Algebraic-Geometric Codes, 1999.
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Proposition

Observation : if k1 “ . . . “ ks “: k, the code defined above has locality k. More formally,

Proposition

Let C “ CpP1, . . . , Ps : G : C1, . . . , Csq be a generalized AG-code as in the previous slide.

If there exists r P N such that for all 1 ď i ď s, we have

1 ă ki ď r ,

ni ą degpPiq, and

Ci has locality ki ,

then C has locality r .

16/26



Background New construction Asymptotic study

An optimal example (bis)

Let F3pxq be the rational function field. Set G “ 4P8.

Let P1pxq “ x2 ` 2x ` 2, P2pxq “ x2 ` 1, and P3pxq “ x2 ` x ` 2,

and the Reed-Solomon code RSp3, 2q :
F3rxsă2 ÝÑ F33
f ÞÝÑ pf p0q, f p1q, f p2qq .

f P Lp4P8q » F3rxsă5

FP1 Q f pP1q ÞÑ f1 P
F3rxs

pP1pxqq

f1p0q f1p1q f1p2q

f2 P
F3rxs

pP2pxqq

f2p0q f2p1q f2p2q

f3 P
F3rxs

pP3pxqq

f3p0q f3p1q f3p2q

RSp3, 2q

The code CpP1, P2, P3 : 4P8 : RSp3, 2q, RSp3, 2q, RSp3, 2qq is a r9, 5, 3s linear code with locality 2,

reaching the Singleton Bound for LRC .
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Practical proposition

Proposition

Let C “ CpP1, . . . , Ps : G : C1, . . . , Csq be a generalized AG-code as defined previously. Suppose that

degP1 “ ¨ ¨ ¨ “ degPs “ r , and

C1
“ C1 “ ¨ ¨ ¨ “ Cs is a rn1, r, d 1

s linear code with locality r .

If 2g ´ 1 ď degpGq ă rs, then C is a

rsn1, degpGq ´ g ` 1,ě d 1

ˆ

s ´

Z

degG

r

^˙

s

linear code over Fq with locality r .
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More examples : set-up

We (randomly) constructed several codes over F3 using evaluation at places of degree 2, then encoding
the evaluations with RSp3, 2q as previously.

We use the following curves.

The rational function field F3pxq, of genus 0, that contains 3 places of degree 2. Then one can

construct codes of length at most 9.

The elliptic curve defined by the equation y 2 “ x3 ` x of genus 1, that contains 6 places of

degree 2. Then one can construct codes of length at most 18.

The Klein quartic defined by the equation x4 ` y 4 ` 1 “ 0 of genus 3, that contains 12 places of

degree 2. Then one can construct codes of length at most 36.

This gives r3s, k,ě 2
`

s ´
X

k`g´1
2

\˘

s linear code with locality 2, where s is the number of places of

degree 2 used in the construction.
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More examples : results

F3pxq y2 “ x3 ` x x4 ` y4 ` 1

n k d defect d defect d defect

3 4 2 4 2 4 2
9 4 4 1 4 1 4 1

5 3 0 3 0 3 0

4 - - 5 3 6 2
12 5 - - 4 2 4 2

6 - - 3 2 4 1

5 - - 6 3 6 3
15 6 - - 4 4 5 3

7 - - 4 2 4 2
8 - - 3 2 4 1

6 - - 6 5 6 5
7 - - 6 3 6 3

18 8 - - 4 4 4 4
9 - - 4 2 4 2
10 - - 2 3 3 2

7 - - - - 8 4
8 - - - - 6 5

21 9 - - - - 5 4
10 - - - - 4 4
11 - - - - 4 2
12 - - - - 4 1

8 - - - - 8 6
9 - - - - 7 5
10 - - - - 6 5

24 11 - - - - 6 3
12 - - - - 4 4
13 - - - - 4 2
14 - - - - 3 2
15 - - - - 3 1

9 - - - - 8 7
27 10 - - - - 8 6

11 - - - - 7 5

x4 ` y4 ` 1

n k d defect

12 6 5
13 6 3

27 14 4 4
15 4 2
16 3 2

10 10 7
11 8 7
12 7 7
13 7 5

30 14 6 5
15 6 3
16 4 4
17 4 2
18 3 2

11 10 8
12 10 7
13 8 7
14 8 6

33 15 6 6
16 6 5
17 5 4
18 4 4
19 4 2

12 10 10
13 10 8
14 8 9
15 8 7

36 16 6 8
17 6 6
18 5 6
19 4 5
20 4 4

Table: Parameters of obtained linear codes over F3 with locality 2.
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Construction

Proposition

Let

F {Fq be a function field of genus g containing s places of degree r , denoted by P1, . . . , Ps ,
Cpar the q´ary single parity check code of length r ` 1 and dimension r and minimum distance 2,

G be a divisor of F of degree k ` g ´ 1, where g ´ 1 ă k ă rs ´ g ` 1,

Then, the code CpP1, . . . , Ps : G : Cpar, . . . ,Cparq is a rn, k,ě ds linear code over Fq with locality r ,
such that

n “ pr ` 1qs,

d ě 2

ˆ

s ´

Z

k ` g ´ 1

r

^˙

.

It follows that the rate of this code verifies

k

n
ě

r

r ` 1
´
r

2
δ ´
g ´ 1

n
,

where δ “
d
n
.
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Drinfeld-Vladut Bound

In this context, we need functions fields with a lot of places (of degree r) relatively to their genus.

The best we can expect is given by the following.

Definition (Drinfeld-Vladut Bound of order r)

Let F {Fq be a function field over Fq and Br pF {Fq q denotes its number of places of degree r . Let

Br pq, gq “ maxtBr pF {Fq | F {Fq q is a function field over Fq of genus gu.

Then,

lim sup
gÝÑ`8

Br pq, gq

g
ď
1

r
pq

r
2 ´ 1q.

r “ 1 : (classical) Drinfeld-Vladut Bound.

Example : Garcia-Stichtenoth recursively defined tower of function fields.4

4Garcia and Stichtenoth, A tower of Artin-Schreier extensions of function fields attaining the Drinfeld-Vladut bound, 1995.
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Asymptotic study

Ballet and Rolland5 studied the descent of the tower of Garcia-Stichtenoth to the field of constant Fq .

The authors also proved that these towers reach the Drinfeld-Vladut bound at order 2.

This allows us to prove the existence of infinite families of linear code with locality 2.

Proposition

Let q ą 3 be a prime power. Then, Construction 1 provides an infinite family of linear code with

locality 2 verifying
k

n
ě
2

3

ˆ

1´
q

q2 ´ q ´ 2

˙

´ δ.

5Ballet and Rolland, Families of curves over any finite field attaining the generalized Drinfeld-Vladut bound, 2011.
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Comparison with concatenated codes

GAG-construction Concatenated construction

F {Fq F {Fqr
P1, . . . , Ps places of degree r P1, . . . , Ps rational places

g ´ 1 ă k ă rs ´ g ` 1 g ´ 1 ă k0 ă rs ´ g ` 1

degG “ k ` g ´ 1 degG “ k0 ` g ´ 1

“

spr ` 1q, k, 2
`

s ´
X

k`g´1
r

\˘‰ “

spr ` 1q, k “ k0r , 2
`

s ´
k
r

´ g ` 1
˘‰

k
n

ě
r
r`1

´
r
2
δ ´

g´1
n

k
n

ě
r
r`1

´
r
2
δ ´

rpg´1q
n

if q ą 3 and r “ 2: if q ě 3 and 2 | r :

k
n

ě
2
3

´

1´
q

q2´q´2

¯

´ δ k
n

ě
r
r`1

ˆ

1´
r`1
2
δ ´

1

q
r
2 ´1

˙
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Comparison with known-results
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Possible further developments

Improvements (places of other degrees, multiplicities, use other ”subcodes”,..)

Hierarchical LRCs ?

Question : can we use this construction to obtain code of any dimension k P N ?

Thanks for your attention!
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