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Rank-metric codes



 

 

𝔽m×n
q

Rank distance  
 d(A, B) = w(A − B) = Rank(A − B)

(Linear) code: 𝒞 ≤ 𝔽m×n
q

 Minimum distance:   
  

 Singleton-like bound:                         
,  

MRD-code

d = d(𝒞) = min{d(A, B) : A, B ∈ 𝒞, A ≠ B}

|𝒞 | ≤ qmax{m,n}(min{m,n}−d+1)

= →

Rank-metric codes
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Weight distribution of :  
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Bounds on  
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Problem
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If  and 
 

Bounds on  

n, m, q, k

𝒞 ≤ 𝔽m×n
q

dim𝔽q
(𝒞) = k

M(𝒞) = Amin{m,n}

S. Ball and A. Blokhuis: A bound for the 
maximum weight of a linear code, SIAM Journal 
on Discrete Mathematics (2013) 

In the Hamming metric…

Rank-metric codes



Problem

Fixed . 

If  and 
 

Bounds on  

n, m, q, k

𝒞 ≤ 𝔽m×n
q

dim𝔽q
(𝒞) = k

M(𝒞) = Amin{m,n}

For MRD codes

 MRD code in  
 

 and  

 

for any 

𝒞 𝔽m×n
q

d(𝒞) = d
m′ = min{m, n} n′ = max{m, n}

Ad+ℓ = [ m′ 

d + ℓ]
q

ℓ

∑
t=0

(−1)t−ℓ[ℓ + d
ℓ − t ]

q
q(ℓ − t

2 )(qn′ (t+1) − 1)

ℓ ∈ {0,1,…, n′ − d}

Rank-metric codes
The weight distribution 
is uniquely determined 

for MRD codes!



Linear rank-metric codes,
-systems and linear setsq



 

 

𝔽n
qm

Rank distance  
 

(Linear) code:      code 
Minimum distance: 

d(a, b) = w(a − b) = dim𝔽q
(⟨a1 − b1, …, an − bn⟩𝔽q

)
𝒞 ≤ 𝔽n

qm [n, k]qm/q

d = d(𝒞) = min{d(a, b) : a, b ∈ 𝒞, a ≠ b}

Rank-metric codes



  
non-degenerate linear code 

  

𝒞 ≤ 𝔽n
qm

dim𝔽qm(𝒞) = k

G = (g1⋯gn) ∈ 𝔽k×n
qm

          
               q-system 

U = ⟨gt
1, …, gt

n⟩𝔽q
⊆ 𝔽k

qm

Linear codes and -systemsq

n − d(𝒞) = max{dim𝔽q
(H ∩ U) : H ⊂ 𝔽k

qm, dim(H) = k − 1}

w(xG) = n − dim𝔽q
(U ∩ x⊥)

Sheekey-2019 
Randrianarisoa-2020



          U = ⟨gt
1, …, gt

n⟩𝔽q
⊆ 𝔽k

qm

Linear codes and -systemsq
Sheekey-2019 
Randrianarisoa-2020

LU = {⟨u⟩𝔽qm : u ∈ U∖{0}} ⊆ PG(k − 1,qm)

wLU
(Λ) = dim𝔽q

(U ∩ W)

-linear set𝔽q

Weight of Λ = PG(W, 𝔽qm)

PG(k − 1,qm)
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          U = ⟨gt
1, …, gt

n⟩𝔽q
⊆ 𝔽k

qm

Linear codes and -systemsq

-linear set𝔽q

wLU
(Λ) = dim𝔽q

(U ∩ W) Weight of Λ = PG(W, 𝔽qm)

Weight distribution of 𝒞
Hyperplanes weight 
distribution of  LU

Sheekey-2019 
Randrianarisoa-2020  

non-degenerate linear code 
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Linear codes and -systemsq
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Bounds on  
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Linear codes and -systemsq

Problem

 is non degenerate  𝒞 ⇔ M(𝒞) ≥ 1

Alfarano, Borello, Neri and Ravagnani 2021
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Dimension two case



          U = ⟨gt
1, …, gt

n⟩𝔽q
⊆ 𝔽2

qm

dim𝔽qm(𝒞) = 2

n ≤ m
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LU
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Bounds on M(𝒞)

     Bounds on  |LU |
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qn − 1
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If    wLU
(P) = 1 ⇒ |LU | ≥ qn−1 + 1

De Beule and Van de 
Voorde - 2019If An−1 > 0
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Adriaensen and  
PS - 2023
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Adriaensen and  
PS - 2023

dim𝔽qm(𝒞) = 2
n ≤ m

M(𝒞) = (qm − 1) |PG(1,qm)∖LU |

q2m − 1 − (qm − 1)
qn − 1
qe − 1

≤ M(𝒞) ≤ q2m − 1 − (qm − 1)(qn−e + 1)

If  = second maximum weight of  and n − e 𝒞 m = n

De Beule and Van de 
Voorde - 2019+ and  is e-divisiblee ∣ m 𝒞

O. Polverino, PS, J. Sheekey and F. 
Zullo: Divisible linear rank metric 
codes (2023)
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LU⊥
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n > m
M(𝒞) = (qm − 1) |PG(1,qm)∖LU⊥ |

q2m − 1 − (qm − 1)
q2m−n − 1

q − 1
≤ M(𝒞) ≤ q2m − 1 − (qm − 1)(q + 1)

If  = second maximum weight of n − e 𝒞

q2m − 1 − (qm − 1)
q2m−n − 1

qe − 1
≤ M(𝒞) ≤ q2m − 1 − (qm − 1)(q2m−n−e + 1)



dim𝔽qm(𝒞) = 2

n > m
M(𝒞) = (qm − 1) |PG(1,qm)∖LU⊥ |

q2m − 1 − (qm − 1)
q2m−n − 1

q − 1
≤ M(𝒞) ≤ q2m − 1 − (qm − 1)(q + 1)

If  = second maximum weight of n − e 𝒞

q2m − 1 − (qm − 1)
q2m−n − 1

qe − 1
≤ M(𝒞) ≤ q2m − 1 − (qm − 1)(q2m−n−e + 1)e = 2m − ⌊logq (qm + 1 −

M(𝒞)
qm − 1 )⌋ − n



Tightness of the bounds



dim𝔽qm(𝒞) = 2 and d(𝒞) ≥ n − m + 1

 is minimumM(𝒞)  is an MRD code𝒞 or 𝒞⊥𝒢

 is maximumM(𝒞)  and either  is n = k = 2 𝒞 or 𝒞⊥𝒢 𝔽2
qm

If An−1 > 0

 is maximumM(𝒞) Either  or  is minimum size LU LU⊥



n ≤ m

n > m

 
Nondegenerate reflexive 

bilinear form 

Nondegenerate reflexive 
bilinear form 

orthogonal 
complement

σ : 𝔽k
qm × 𝔽k

qm → 𝔽qm

σ′ = Trqm/q ∘ σ : 𝔽k
qm × 𝔽k

qm → 𝔽q

⊥ →

[𝒞] ∈ ℭ[n, k]qm/q

[U] ∈ 𝔘[n, k]qm/q

[U⊥] ∈ 𝔘[mk − n,k]qm/q

[𝒞⊥𝒢] ∈ ℭ[km − n, k]qm/q
Borello and Zullo: Geometric dual 
and sum-rank minimal codes (2023) 

Geometric dual of rank-metric codes



Larger dimension…



  
non-degenerate linear code 

  

𝒞 ≤ 𝔽n
qm

dim𝔽qm(𝒞) = k

G = (g1⋯gn) ∈ 𝔽k×n
qm

          U = ⟨gt
1, …, gt

n⟩𝔽q
⊆ 𝔽k

qm

dim𝔽qm(𝒞) = k n ≤ m

M(𝒞) = (qm − 1) |{H = PG(k − 2,qm) : H ∩ LU = ∅} |

PG(k − 1,qm)

LU H



dim𝔽qm(𝒞) = k n ≤ m

M(𝒞) = (qm − 1) |{H = PG(k − 2,qm) : H ∩ LU = ∅} |

H
LU

Σ = PG(k − 1,q)

qmk − 1
qm − 1

−
qn − 1
q − 1

q(k−1)m − 1
qm − 1

+ qβ ≤
M(𝒞)
qm − 1

≤
n−1

∏
i=1

(qm − qi)

Number of rank n  
matrices in 𝔽m×n

q

β = #secant hyperplanes to Σ
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M(𝒞) = (qm − 1) |{H = PG(k − 2,qm) : H ∩ LU = ∅} |

qm(k−1) − qm(k−2)+n−e − qm(k−2) ( qn−e − 1
qe − 1 ) ≤

M(𝒞)
qm − 1

≤ qm(k−1) − qm(k−2)+n−e

If  = second maximum weight of n − e 𝒞

e = n − ⌊logq (qm(k−1) −
M(𝒞)
qm − 1 )⌋ + m(k − 2)
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𝒞 ≤ 𝔽n
qm

dim𝔽qm(𝒞) = k

G = (g1⋯gn) ∈ 𝔽k×n
qm



dim𝔽qm(𝒞) = k n > m

M(𝒞) = (qm − 1) |PG(k − 1,qm)∖LU⊥ |

qmk − 1
qm − 1

−
qkm−n − 1

q − 1
≤

M(𝒞)
qm − 1

≤
qmk − 1
qm − 1

−
qk − 1
q − 1



dim𝔽qm(𝒞) = k n > m

M(𝒞) = (qm − 1) |PG(k − 1,qm)∖LU⊥ |

qmk − 1
qm − 1

−
qkm−n − 1

q − 1
≤

M(𝒞)
qm − 1

≤
qmk − 1
qm − 1

− (qkm−n−e +
qk−1 − 1

q − 1 )

If  = second maximum weight of n − e 𝒞

e = mk − logq ( qmk − 1
qm − 1

−
M(𝒞)
qm − 1 ) − nAdriaensen and  

PS - 2023



Equalities in the lower 
bounds…



dim𝔽qm(𝒞) = k

(qmk − 1) −
qn − 1
q − 1

(q(k−1)m − 1) + q(qm − 1)β ≤ M(𝒞) n < m



dim𝔽qm(𝒞) = k

(qmk − 1) −
qn − 1
q − 1

(q(k−1)m − 1) + q(qm − 1)β = M(𝒞) n < m

 and n = k 𝒞 = 𝔽k
qm



dim𝔽qm(𝒞) = k

qkm − 1 − (qm − 1)
qkm−n − 1

q − 1
≤ M(𝒞) n ≥ m



dim𝔽qm(𝒞) = k

qkm − 1 − (qm − 1)
qkm−n − 1

q − 1
= M(𝒞) n ≥ m

 is scattered LU⊥



dim𝔽qm(𝒞) = k

qkm − 1 − (qm − 1)
qkm−n − 1

q − 1
= M(𝒞) n ≥ m

n ≥ km/2 is scattered LU⊥



dim𝔽qm(𝒞) = k

qkm − 1 − (qm − 1)
qkm−n − 1

q − 1
= M(𝒞) n ≥ m

 is MRD𝒞 n = km/2

 is minimum M(𝒞)  is scattered LU⊥



dim𝔽qm(𝒞) = k

qkm − 1 − (qm − 1)
qkm−n − 1

q − 1
= M(𝒞) n ≥ m

 is MRD𝒞 n = km/2

 
 
 

U = {(x, xq, a) : x ∈ 𝔽qm, a ∈ 𝔽q}
W = U⊥

𝒞 → W

 is minimum,  
 and  is not MRD
M(𝒞)

𝒞 𝒞⊥𝒢

 is minimum M(𝒞)  is scattered LU⊥



Equalities on the upper 
bounds



    dim𝔽qm(𝒞) = k drk
k−1(𝒞) ≥ n − m + 1

n < mM(𝒞) ≤
n−1

∏
i=0

(qm − qi)

n ≥ mM(𝒞) ≤ qkm − 1 − (qm − 1)
qk − 1
q − 1



    dim𝔽qm(𝒞) = k drk
k−1(𝒞) ≥ n − m + 1

n < mM(𝒞) =
n−1

∏
i=0

(qm − qi)

n ≥ mM(𝒞) = qkm − 1 − (qm − 1)
qk − 1
q − 1

Either  or 
 

𝒞 = 𝔽k
qm

𝒞 = 𝒞1 ⊕ ⋯ ⊕ 𝒞k, 𝒞i is an [m − 1,1]qm/q-code



dim𝔽qm(𝒞) = k n > m

 

M(𝒞) ≤ qkm − 1 − (qm − 1)(qkm−n + … + qkm−n−k+1 + 1)

W = ψG′ (supp(c)⊥*) dim𝔽q
(W) = dim𝔽qm(⟨W⟩𝔽qm) = k − 1



dim𝔽qm(𝒞) = k n > m

W = ψG′ (supp(c)⊥*) dim𝔽q
(W) = dim𝔽qm(⟨W⟩𝔽qm) = k − 1

M(𝒞) = qkm − 1 − (qm − 1)(qkm−n + … + qkm−n−k+1 + 1)

λ ∈ 𝔽qm∖𝔽q

G =

1 λ … λt1−1 0 … 0
0 0 … 0 1 λ … λt2−1 0 … 0
⋮ ⋱
0 … 0 1 … λtk−1

∈ 𝔽k×(t1+…+tk)
qm

𝒞λ,t1,…,tk



dim𝔽qm(𝒞) = k n > m
λ ∈ 𝔽qm∖𝔽q

G =

1 λ … λt1−1 0 … 0
0 0 … 0 1 λ … λt2−1 0 … 0
⋮ ⋱
0 … 0 1 … λtk−1

∈ 𝔽k×(t1+…+tk)
qm

𝒞λ,t1,…,tk = 𝒞λ,t1 ⊕ ⋯ ⊕ 𝒞λ,tk

1-dimensional 
MRD codes



dim𝔽qm(𝒞) = k n > m
λ ∈ 𝔽qm∖𝔽q

G =

1 λ … λt1−1 0 … 0
0 0 … 0 1 λ … λt2−1 0 … 0
⋮ ⋱
0 … 0 1 … λtk−1

∈ 𝔽k×(t1+…+tk)
qm

𝒞λ,t1,…,tk = 𝒞λ,t1 ⊕ ⋯ ⊕ 𝒞λ,tk

Completely decomposable codes



𝒞 ∼ 𝒞1 ⊕ ⋯ ⊕ 𝒞k

Completely decomposable codes of 
type (n1, …, nk)

𝒞i → [ni,1]qm/q − code

PS: Completely decomposable rank-metric codes



𝒞 ∼ 𝒞1 ⊕ ⋯ ⊕ 𝒞k

Completely decomposable codes of 
type (n1, …, nk)

𝒞i → [ni,1]qm/q − code

This is equivalent to 

•  admits a basis ,  

•  generator matrix of an equivalent code to 

𝒞 c1, …, ck n =
k

∑
i=1

ni and ni = w(ci)

G =

u1 0 0 ⋯ 0
0 u2 0 ⋯ 0
0 0 ⋱ ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ uk

𝒞

PS: Completely decomposable rank-metric codes



𝒞 ∼ 𝒞1 ⊕ ⋯ ⊕ 𝒞k

Completely decomposable codes of 
type (n1, …, nk)

𝒞i → [ni,1]qm/q − code

This is equivalent to 

•  admits a basis ,  

•  admits a basis , 

𝒞 c1, …, ck n =
k

∑
i=1

ni and ni = w(ci)

𝒞 c1, …, ck supp(𝒞) = 𝔽n
q and supp(𝒞) = ⊕k

i=1 supp(ci)

PS: Completely decomposable rank-metric codes



𝒞 ∼ 𝒞1 ⊕ ⋯ ⊕ 𝒞k

Completely decomposable codes of 
type (n1, …, nk)

𝒞i → [ni,1]qm/q − code

PS: Completely decomposable rank-metric codes

This is equivalent to 

•  admits a basis ,  

•  admits a basis , 

𝒞 c1, …, ck n =
k

∑
i=1

ni and ni = w(ci)

𝒞 c1, …, ck supp(𝒞) = 𝔽n
q and supp(𝒞) = ⊕k

i=1 supp(ci)

 More bounds on the 
weight distribution 

 Study of new 
families of rank-
metric codes



Thank you for your 
attention! 


