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Rank-melric codes

mxn
[Fq

d(A, B) = w(A — B) = Rank(4 — B)
% S [I:Zl)(n

d=d(€¢)=min{dA,B): A,B € ¢,A #* B}

‘cg‘ < qmax{m,n}(mm{m,n}—d+l);

= —




Rank-melric codes

q
d(A, B) = w(A — B) = Rank(4 — B)
% S [I:Zan

d=d(€¢)=min{dA,B): A,B € ¢,A #* B}

‘c{g‘ < qmax{m,n}(mm{m,n}—d+l);

= —
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d(A, B) = w(A — B) = Rank(A — B) (rank) weiqght i

% S [I:Zl)(lfl
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d=d(€¢)=min{dA,B): A,B € ¢,A #* B}
M = min{m, n}
‘cg‘ < qmax{m,n}(mm{m,n}—d+l);
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Az # codewords in € of
d(A, B) = w(A — B) = Rank(A — B) (rank) weiqght i

% S [I:Zl)(lfl

(Ag, Ay, ... Ay

d=d(€¢)=min{dA,B): A,B € ¢,A #* B}
M = min{m, n}
‘cg‘ < qmax{m,n}(mm{m,n}—d+l);
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Rank-melric codes

Problem

q
Fixed n,m,q, k.

d(A, B) = w(A — B) = Rank(4 — B)
% S [I:Zan

1 € <F™" and

d=d(€¢)=min{dA,B): A,B € ¢,A #* B} l

‘c{g‘ < qmax{m,n}(mm{m,n}—d+l);

= —




Rank-melric codes

Problem

Fixed n,m, g, k. In the Hamming metric...

MXn A S. Ball and A. Blokhuis: A bound for the
1 € <F™" and f

maxinum weight of a Llinear code, SIAM Journal

dim[pq(cg) = k on Discrete Mathematics (2013)

¥




Rank-melric codes

The weight distribukion
LS umquﬂv determined
for MRD codes!

Problem For MRD codes

Fixed n,m,q, k. € MRD code in ™
d(6) =d
Lf G < [F’Z;X” and m' = min{m,n} and n' = max{m,n}

f
m’ £+ d (f) ,
A _ _1 —t 9) n(t+1)_1
* d+t d+fq,§5( ) Lﬂ_tqq (q )

for any € {0,1,....n" — d}
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Rank-melric codes

n
F,

d(a, b) —_— W(a — b) — diqu«al — bl’ o an — bFZ)[Fq)
1 < ”rzm [n, k]qm/q code

d =d(¢) =min{d(a,b): a,b € €,a # b}




Linear codes and q-systems
Sheewefjwzmﬁb

6 < [ [ alnartanartsoa—2020
. Linear code U= g, ..., gf/l)[Fq C [Fgm
dlm[qu(%) =k q-system

G= (g8, €Fx

w(xG) = n — dim[Fq(U N x—)

n— d(%) = max{dimg (HN U): H C Y, dim(H) = k — 1}




Linear codes and q-systems

Sheewefjwzm.“)
6 < [ <anartanartsoa—2020
Linear code U=(g, ... g,Z)[Fq C [F’f]m
dimu:qm(cg) =k SRS PR SRE I o ———

{ L, = ((u)e,: u € U\{0}} C PGk — 14™ F~linear set

L v, (M) =dim,(UnW)  weight of A = PG(W,F,,)

B

PG(k - 1.4™)




Linear codes and q-systems
Sheewefjwzm.“)

| Linear code U=(g, ... g,Z)[Fq C [F’f]m
dimg (6) = k e —————r? S—

L, = (), u € U\[0}} C PGk — 1, F~linear set

G = c [ ! . |
(gl gn) q g i, (A) =dimg (UN W) Weight of A =PG(W.F )}

Lo . & -8 T - A g B

PG(k - 1.4™)
LU




Linear codes and q-systems
Sheewefjwzmﬁ

| Linear code U=(g, ... g,Z)[Fq C I]:’f]m
dimg (6) = k e —————r? S—

L, = (), u € U\[0}} C PGk — 1, F~linear set

G = c [ ! . |
(gl gn) q g i, (A) =dimg (UN W) Weight of A =PG(W.F )}

Lo . & -8 T - A g B

PG(k - 1.4™)
LU




Linear codes and q-systems
Sheewefjwzmﬁb

: | /et t K
. Linear code U =g ...,gn)[Fq C o
dlm[qu(Cg) =k A

: . Ly = {(u)[qu: ue U\{0}} € PG(k—1,g™) ”:q“LE«V\?-&r sek
S— () Xn , '
G = (gl gn) S ”:q’””

g Wi, (A) = dimg (Un W) Weight of A =PG(W,F,)

g ama L ;= Ak L P 3 e - o aa P . oA, PR it S -
O z o é ” B - - A 4 O Ane . - e & - WL ST d ¥ a P AR
- o - - v - - - - ’ =

Hyperplanes weight

Weiaht diskribution C
3 ey distribution of L,




Linear codes and q-systems

Problem
Linear code

dim[qu(qg) = Fixed n,m,q,k.

¥ € <. and

G= (g g, €Fn fim,_ (%) =

¥




Linear codes and q-systems

€ <F., Problem
Linear code

dim[qu(qg) = Fixed n,m,q,k.

¥ € <. and

At{aramo, Borello, Neri and Ravaghani 2021 *

G s o degenerate & M(€) > |




Dimension btwo case




€ < [F’;m
Linear code

G=(g-g,) €Fx

PG(1,9™)

M(€) = (g™ = 1D |PG(1,g")\Ly |




Linear code

G=(g-g,) €Fx

Bounds on M(6)

M(€) = (g™ = 1D |PG(1,g")\Ly |

Bounds on [L;|
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Subline g+ 1 < |L,| < Linear set
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g — 1 Linear sekb
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M(€) = (g™ = 1D |PG(1,g")\Ly|

Pe RBeule and Van de
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M(€) = (g™ = 1D |PG(1,g")\Ly|

If n—e = second maximum weight of €
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M(€) = (g™ = 1D |PG(1,g")\Ly|

If n—e = second maximum weight of €
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M(€) = (g™ = 1D |PG(1,g")\Ly|

If n—e = second maximum weight of € and m=n

—— (. Polverino, PS, J. Sheelkey and F.
” Zullo: Divisible Linear rank metric
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Linear code

G = (&'“gn) = [Féii”




Linear code




n
%Skqm

Linear code

6: Fon X Fep — F
Nondegehera%e renfiexwe
bilinear form

6' = Tt 00 Fon X Fon — F,
Nav\degemera&e renﬂ.exw@.
bilinear form

1 — orthogonal
camptemev\&




n
%Skqm

Linear code
dim[qu(%) =2
o: FuXFon — F
G = (gl--- gn) S ﬂ%iﬁ” Nahdegemera&e renfi.e.xwe
bilinear form

- n>m
PG(1,9™) Nomdegemera&e remftexwe

L. bilinear form

M(G) = (¢" — 1)| PG(1,g"\ Ly L — orthogomal
compi.emev\&




e =
-

qg— 1

1f n— e = second maximum weiqght of €
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1
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If n—e = second maximum weight of €

q Mm— 11— (" — 1) e=2m= llqu (qm +1-
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dimg (%) =2 and d(®) > n—m+ 1

M(E) is mininmum € or €7 is an MRD code

n=k=2 and either € or ¢ is I]:?]m

M(€) is maxinmum tither L; or L;1 is minimum size




Geomebric dual of rank-melric codes

€] € Cln, klgnq o: FuXFon — F
Nomdegemera&e r@ftexw@.
bilinear form

(U] € Uln, k],

o' =Trm,e0: FuXF, —F,

Nondegﬁmeraﬁe r@:ﬂexw@.
bilinear form

(U] € U[mk — nk] m,

l campl&memé
Borello and Zullo: Geomebric dual

[Cgl?] & (S[km — N, k] q"lq and sum-railke minimal codes (2023)
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Linear code

dimg (€) =k

o kXn
G=(&18) €W 11(@) = (¢"— DI (H=PCk —2.4"): H Ly = 0}

H
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Linear code

dimg (€) = k

G= (g g, € F" M(E) = (g™ — 1)|PG(k — 1,g™)\L;. |

PG(k — 1,9)




Linear code

dimg (€) = k

G= (g g, € F" M(E) = (g™ — 1)|PG(k — 1,g™)\L;. |

PG(k — 1,9)
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PS: Completely d@.«:omposabte rank-mebric codes

Completely deccmposabte codes of
EjF’Q (nl, )

(6~6,0-©6, % - nll,,~code]

B S




PS: Completely c&e&omposabte rank-mebric codes

Completely de&omposabi.@. codes of
EjF’Q (nl, )

<{g f{gl @ @ f{gk " . [n 1] m,q — COde

SRS S

This is equivat@& to

k
®© 6 admilts a basis ¢, ...,¢c, n = Z n. and n. = w(c;)
i=1
uy 0 0 oo ()
0 w, 0 - 0
eG=|0 0 -~ - 0| generator malrix of an equivalent code to €

0 0 0 - u



PS: Completely c&e&omposabte rank-mebric codes

Completely de&omposabi.@. codes of
EjF’Q (nl, )

(6 ~% @ ©%, 6~ nll,,—code]

SRS S

This is @.quivaiemé to
k

® G O&dME«%S Qa bQSE«S Ci,...,C, N = Z F; and M; = W(Ci)
i=1
® 6 adwmilts a basis ¢, ...,¢;, supp(%) = F, and supp(€) = EBi.‘:l supp(c;)



PS: Completely c{etomposabte rank-mebric codes

Completely decc)mposabi.e codes of
EvPQ (nl, )

% ‘51 @ @ %k N [n,,n,,m,,, _ code]

This is equi;vai.emﬁ to
k

C,, N = Zni and 1. = w(
i=1
® G adwmits a basis ¢, ...,¢;, supp(€) = F; and supp(€) = @;{:1 supp(c;)

® G adwmiks a basis ¢, ...,
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